THE INDEX OF FLOER MODULI PROBLEMS FOR 
PARAMETRIZED ACTION FUNCTIONALS 

FREDERIC BOURGEOIS AND ALEXANDRU OANCEA 

Abstract. We define an index for the critical points of parametrized Hamil- 
tonian action functionals. The expected dimension of moduli spaces of parame- 
trized Floer trajectories equals the difference of indices of the asymptotes. 



1. Main definition and main theorem 

1.1. The parametrized action functional. Let A be a manifold of dimension 
m, (W, lu) a symplectic manifold of dimension 2n, and H : S 1 x W x A — > K, 
H(6,x,X) = H\(8,x) a smooth family of Hamiltonians defined on W. Let CW 
denote the space of loops in W and assume for symplicity that uj = da is exact. 
We are interested in the parametrized Hamiltonian action functional 

A H : CW xA^M, (7, A) 1 — >- [ a - [ H x (9, 7(61)) dO. 

Such functionals appear in a variety of settings (Appendix A), and we analyzed 
in [3] their Fredholm theory and their transversality theory. 

1.2. Critical points. A pair (7, A) € CW x A is a critical point of Ah iff it solves 
the system 

(1.1) j(9) = X Hx (9, iW), OeS 1 and J -^-(9,~/(9), A) dO = 0. 

Our convention for the definition of Xh x is cj(Xh x , •) = dH\. We say that the 
critical point (7, A) is nondegenerate if the Hessian d 2 Ah{^ ,\) is injective. If the 
critical points of Ah are all nondegenerate (which is a generic assumption), they 
can be used to define a Floer chain complex whose differential is expressed as a 
count of rigid L 2 -gradient trajectories [2]. The purpose of the present paper is to 
associate an index to each critical point of Ah, in such a way that the dimension 
of the moduli space of connecting Floer trajectories is expressed as the difference 
of the indices at the endpoints. 

Equation (1.1) can be interpreted as follows. Every loop 7 : S 1 — > W determines 
a function 

(1.2) F 7 :A^M, / #"(0,7(0), A) dO. 

Js 1 

A pair (7, A) belongs to Crit(^4ff) iff 7 is a 1-periodic orbit of Xh x and A is a 
critical point of Fj. However, the nondegeneracy of (7, A) does not imply that 7 
is a nondegenerate orbit of H\, nor that A is a nondegenerate critical point of F 7 . 
This situation is already present in Morse theory, as the following example shows. 
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Example 1. Consider the Morse function / : 1x1 4 I, 4 xX. Then 

(xo, Ao) = (0,0) is a nondcgenerate critical point, but / is constant along R x {0} 
and {0} x R, hence xo = and A = are degenerate critical points. 

It is thus not a priori clear how to define the index of a critical point (7, A), 
unless the Hamiltonian H is split, i.e. of the form H(9,x,X) = K(8,x) + /(A), 
in which case the system (1.1) is uncoupled. Our discovery is that one can define 
the index using a parametrized version of the Robbin-Salamon index which we now 
explain. Our method works in general and our approach is fundamentally different 
from other attempts dealing with particular cases [11, 4]. 

1.3. The parametrized Robbin-Salamon index. Given a Hamiltonian H : 

S 1 x W x A -)• R, we extend it to H : S 1 x W x T*A -> R by the formula 

H(6,x, (X,p)) :=H(6,x,X)=H x (e,x), 



(We use the symplectic form dX A dp on T*A.) A 1-periodic orbit 7 of X H is 
of the form 7 = (7(")> A,p(-)), with 7 a 1-periodic orbit of Xh x and p(6) = 
p(0) — J Q ^-(t, 7(7-), A) dr. The closing condition p(l) = p(0) is equivalent to 

So T5x( T ' t( t )> ^) ^ T = 0' wnne P(0) e T£A can be chosen arbitrarily. Thus critical 
points of Ah are in one-to-one bijective correspondence with families of 1-periodic 
orbits of X H , of dimension dim T^A — dim A. 
We assume in this paper that 



and we consider only critical points (7, A) such that 7 is contractible in W. These 
restrictions are only meant to focus the discussion and are by no means essential. 
The associated periodic orbits 7 are then contractible in W x T*A, and we have 
{ci(W x T*A),-k 2 (W x T*A)) = 0. In this situation we can associate without 
ambiguity to the periodic orbit 7 a half-integer called the Robbin-Salamon index. 
This index is defined as the Maslov index [7] of the path of symplectic matrices 
obtained by linearizing the Hamiltonian flow of H along 7 and by trivializing T(W x 
T*A) over a disc bounded by 7. 

Main Definition. The parametrized Robbin-Salamon index /i(7, A) of a critical 
point of Ah is the Robbin-Salamon index of one of the corresponding 1-periodic 
orbits (7(-).A,p(-)) of H. 

1.4. The parametrized Floer equation. Let J = (J^), A e A, 9 G S 1 be a 

family of compatible almost complex structures on W. This induces a A- family of 
L 2 -mctrics on C 00 ^ 1 , W), defined by 



Such a metric can be coupled with any metric g on A and gives rise to a metric on 
C 00 (5' 1 , V^) x A acting at a point (7, A) by 



so that 




(ci(W),TT 2 (W)) =0 




(C,£),(n 7 k)er( 1 *TW)(BT x A. 
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The parametrized Floer equation is the negative gradient equation for Ah with 
respect to such a metric (-, -)j, g - More precisely, given (7, A), (7, A) G Crit(Ajj) we 
denote by 

X((7,A),(7,A);H,J, 5 ) 
the space of parametrized Floer trajectories, consisting of pairs (u, A) with 

u : R x S 1 -)■ W, A : R -> A, 

satisfying 

(1.3) a.« + ^ w (a9«-x^ w («)) = 0, 

(1.4) A(s)- / V x H(6,u{s,6),\(s))d6 = 0, 
and 

(1.5) lim («(«,•), A(s)) = (7, A), lim (n(s,-),A(s)) = (7,A). 

s— > — 00 s— ►+oo — 

Here and in the sequel we use the notation V for a gradient vector field, whereas 
V will denote a covariant derivative. 

1.5. The index theorem for the linearized operator. Let us fix p > 1. By 

linearizing equations (1.3-1.4) we obtain the operator 

D {u .x) : W hp (u*TW) © W hp (X*TA) ->• L p (u*TW) © L P (X*TA), 



(1-6) D(„,A)(C^):= 
where 



-DmC + (-Da,/ • ^)(9 w - X Hx («)) - J a (^a^ Ha • £) 
V s ^ - V, J sl \7 A Jf (0, u, A) - J sl V C V X H(9, u, A) 



L>„ : W 1 - p {u*TW) -> L p (u*TW) 
is the usual Floer-Gromov operator 

A.C := V S C + JaV^C - JaV c X Sa + V c J x {8 e u - X Hx ). 
Let us denote 

w i,p := w hp (Rx S\u*TW)®W hp (R,\*TA), 
C p := L p (Rx S\u*TW)®L p (R,\*TA). 

We proved in [3, Theorem 2.6] that, given (7, A), (7, A) G Crit(Atf) which are 
nondegenerate, and given (u, A) G A4((*j, A), (7, A); H, J, g), the operator 

D {u>x) : W 1 * -»■ £ p 

is Fredholm for 1 < p < 00. Moreover, for a generic choice of the triple (if, J, 5), 
the space of Floer trajectories -M((7, A), (7, A); H, J,g) is a smooth manifold whose 
local dimension at (u, A) is equal to mdDr uX -> [3, Theorem 4.1]. 

Main Theorem. Assume (7, A), (7, A) G Crit(Ajj) are nondegenerate and fix 
1 < p < 00. For any (u, A) G .A4((7, A), (7, A); H, J, g) the index of the Fredholm 
operator D( U _ X ) ■ W l p — > £ p is 

indD^A) = -M%A) +m(7, A). 
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2. Proof of the main theorem 

2.1. A subgroup of Sp(2n+2m). Let n,m> 1 be integers and define the subgroup 
S n ,m C Sp(2n + 2m) to consist of matrices of the form 

/ # ^>X 

(2.1) M = M(V,X,E) = 1 

\ X T Jo £ + ±X T J X 11 

with * g Sp(2n), X G Mat 2 „, TO (R), and E G Mat m (R) symmetric. Here we 
have denoted J := ( ? J] the standard complex structure on K 2 ™, and the 



. 11 

elements VP G Sp(2n) are characterized by the condition ^> t Jq^> = J . Similarly, 
we denote the standard complex structure on R 2 ™ x R 2 ™ 1 by 

Jo 
Jo := | -1 
11 

and the elements ^> G Sp(2n + 2m) are characterized by the condition ^ t Jq^> = Jo. 
We have that <S„, m is a subgroup (but we shall not use this fact). The subgroup 
property follows from the relations 

M(^ 1 ,X 1 ,E 1 ) ■ M(^ 2 ,X 2 ,E 2 ) 

= M(tfi# 2 ,*2 + ^2 lx ^ E i + E 2 + Sympff J M 2 )) 

and 

(2.2) M(*, X, E) -1 = M(* _1 , —^fX, —E). 
Here we have used the notation 

Sym(P) := (P + P T )/2 

for the symmetric part of a square matrix P. 

The form of the elements of S ntm may seem less artificial in view of the following 
Lemma. Elements of the form (2.3) arise naturally in the next section. 

Lemma 2. Let 

(2.3) M 

be a square (2n+2m)-matrix, such that ^ is a square 2n-matrix and 11 is the identity 
m-matrix. Then M is symplectic if and only if ^ is symplectic and there exists a 
matrix X and a symmetric matrix E such that M — M(^,X,E). 

Proof. The proof is a straightforward computation using block matrices and the 
condition M T J M = J . □ 

We refer to Appendix B for a summary of the properties of the Robbin-Salamon 
index of paths with values in S n , m - 
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2.2. The linearized flow of H. Recall from §1.3 the Hamiltonian 

H -.S 1 x WxT*A^R, H(6,x,(\,p)) := H(0,x, A), 
whose flow is given by 

(2.4) <p%{x,\p) = ^p e Hx (x),X,p- jf ^(r,<p T Hx {x),\)d^j . 

Let (7, A) e Crit(Ajy) be a critical point and 7 = (7(-), A,p(-)) be an associated 
1-periodic orbit of Xg. We fix a unitary trivialization of j*TW coming from a 
spanning disc and we fix an isometry T A A = R m , and these together determine 
a unitary trivialization of j*T(W x T*A). The linearized flow d<£~ read in such 
a trivialization determines a path M(9), 6 6 [0, 1] of symplectic matrices of the 
form (2.3), and this path takes values in <S„ iTO by Lemma 2. By definition, the 
index ^(7, A) is equal to the Robbin-Salamon index of the path M. 

The matrices #(0), X(0), and £(0) that determine M(0) = M (#(0), X(0), £(0)) 
are expressed as follows. We denote <J/ and A the components of the linearization of 
the flow <p H in the given trivializations of j*TW and of T\A, and set X := \I> _1 A 
Thus the linearized flow acts as 

T (7(0) ,a)(W x A) T 7(e) W, 

(2.5) (Co,^) ^ * (0)Co + *(O)X(0)t. 
The matrix £7(0) is the symmetric part of the endomorphism 

T\A -> T A A, 

(2.6) £ ^ -Ajf V A if(T,<^( 7 (0),A),A)dT-£ 

2.3. The spectral flow of the linearized operator D/ Ui \-\. Let us fix a connect- 
ing trajectory (u, A) G A), (7, A); £T, J, g) between two nondegenerate critical 
points of Ah- We recall here from [3, Lemma 2.3] that the nondegeneracy of a 
critical point (7, A) is equivalent to the bijectivity of the asymptotic operator 

D (7iA) : H 1 {S\ 1 *TW) x T A A -> L 2 (S ,1 ,7*TW) x T A A, 

, 9 7 ^ n (r f) f M^eC - V c X Hx - (D X A 

(2J) D ^^-{ - Isl ^ dd _j siVe 

The operator -D( 7lA ) is formally obtained from the linearized operator Dt Uy \\ in 
equation (1.6) by setting (u(s, 0), A(s)) = (7(0), A) and (C(s, 0), £(s)) ee (C(0),^)- 

Given a unitary trivialization of u*TW and an orthogonal trivialization of A*TA, 
the operator -D( UjA ) defined by (1.6) can be written for p = 2 as 

D (U;A) : iJ^R x S\R 2n ) x ff^R" 1 ) ->• L 2 (R x S\R 2 ™) x L 2 (R,M m ), 

D (uM<>t) = ( d d s j)+ A (s)( c £ 

Here A(s) : i? 1 ^ 1 , R 2n ) xl m 4 L 2 (S' 1 ,M 2 ") x R m has the property that A(s) -> 
A*, s — > ±00 and A^ coincide through the given trivializations with the asymp- 
totic operators D,~ ^ and -D( 7jA ), which are bijective in view of our nondegeneracy 
assumption. The operators A(s) are of order one and their principal part is self- 
adjoint. Thus, up to an order zero (and hence compact) perturbation, we can 
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assume for the purpose of computing the index that A(s) is self-adjoint for all 
s£l. In this situation, the Fredholm index of the operator £>(u,A) is equal to the 
spectral flow of the family of self-adjoint operators A(s), s G R [8, Theorem A]. 

The spectral flow is described as follows. Let us call sGla crossing if ker A(s) ^ 
0, and define the crossing form T(A, s) : ker A(s) -> R by T(A, s)£ = (£, -£A(s)£). 
A crossing s £ R is called regular if the crossing form T(A, s) is nondegenerate. Such 
crossings are isolated. If all crossings are nondegenerate, the spectral flow is given 
by the sum over all crossings of the signature of the crossing form T(A, s), which 
is the number of positive minus the number of negative eigenvalues. Heuristically, 
the spectral flow measures the net difference between the number of eigenvalues of 
A(s) which cross from — to + and those which cross from + to — . Up to a compact 
perturbation we can always assume that all the crossings of A(s) are regular. 

In view of (2.7), the operators can be written in the given trivializations of TW 
and TA along u and A as 

A[ - S >^^> ~ { J sl C(s 7 0)C(9)de + J sl D(s 7 6)d0 I )> 
where S(s,6) = S(s 7 9) T and D(s,9) = D(s,9) T are symmetric matrices. 

2.3.1. Computation of ker A(s), s 6 R. We define 

$:Rx[0,l]4 Sp(2n) 
by *(s, 9) = J S{s, 9)^{s, 9) and *(s, 0) = 11, so that 

lim *(s, •) = *(•), lim *(s, •) = *.(•)• 

s— V— oo s— >oo 

For ((,£) £ ker A(s), we write £(#) = ^>(s,9)n(9) for some smooth function 
f] : [0, 1] — > R 2 ™. Substituting this in the first component of A(s) we obtain 

(2.9) fi{0) = *( S ,0)- 1 J o C(s,0) T e. 
We define I:Kx[0,l]-> Mat 2 „, m (K) by 

(2.10) X(s, 9) = *(s, 8)- 1 J C(s, 9) T 

and X(s, 0) = 0. The solution of (2.9) is then n(9) = X(s, 9)1 + r/(0), so that 

(2.11) ((9) = *(«, 9)( + *(«, 9)X(s, 9)1, 
with Co = C(0) = i](0). Comparing (2.11) with (2.5) we see that 

lim X(s,-) = X(-), lim X(s,-) = A(-). 

s y oc s— >oo 

The solution C(6>) given by (2.11) descends to S 1 = R/Z if and only if 

(2.12) Co = *(M)Co + *(*,!)*(*, I)*. 

Substituting the expression (2.11) for ((9) m the second component of 
A(s)((,£), we obtain 

(2.13) f C(s,6)^(s,6)d6(o+ [ (C(s,9)$(s,9)X(s,6) + D(s,9))d6 1 = 0. 
Jo Jo 

We now notice that we have 

(2.14) C(s,9)V(s,9) = X(s,9) T J a , 
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which implies in particular 

(2.15) / C(s,T)^( S ,T)dT = / X(s,T) T J dT = X(8) T J . 
Jo Jo 

We define 

B:Rx[0,l]-> Mat m (R) 

by 

f e , 

(2.16) E(s,6)= (C( S ,T)y( S ,T)X( s ,T)+D( s ,T))dT--X( s ,8) T J X( s ,9). 

Jo 1 

We claim that the matrix \X{s, 9) T JoX(s, 9) is the anti-symmetric part of the 
matrix J C(s,r)^(s,T)X(s,T)dT, so that E{s,9) is symmetric. Omitting the s- 
variable for clarity and using that C(t)^(t) = X(t) t J we obtain 

C{T)^{ T )X{T)dT - / X{T) T ^{ T ) T C{T) T dT 



6 
= [ X(T) T J X(T)dT+ [ X{ T ) T J X{ T )dT 

Jo Jo 
= X(9) T J X(9). 



It follows that E{s, 9) is the symmetric part of f Q (C^X + D)(s, r)dr. Comparing 
this with (2.6), it follows that 

lim £(«,•)=£(•), lim E(s, •) = £(•)• 

s— > — oo s^oo 

With these notations in place, we see that (2.12) and (2.13) are equivalent to 
the (2n + m) x (2n + m) system of linear equations 



(2.17) 



*(«,!) -1 *(«,!)*(*, 1) \{(o\_{0 



X(s,l) T Jo £(s,l) + |l(s,l) T J l(s,l) J\ I J \0 



2 - 

The solutions of the system (2.17) are in bijective correspondence with the elements 
(C,^) £ kerA(s) through equation (2.11). On the other hand, it follows from the 
definition of S n , m that solutions of (2.17) are in bijective correspondence with 
elements 

(Co,^,0) 6 kcr (M(*(s, l),X(s, l),E(s,l)) - fl). 

Since (0,0, v) <E kcr (M(*(s, l),X(s, l),E(s, 1)) - 11) for all v G K m , wc infer that 
ker A(s) ^ if and only if 

(2.18) dimker (M(V(s,l),X(s,l),E(s,l)) - 1) > m. 

Remark 3. We associated to each operator A(s) of the form (2.8) a path of ma- 
trices M : [0, 1] ->■ 5„, m , M(6>) = M(tf(0), £(0)) such that M(0) = 11. Con- 
versely, any such path M determines a unique operator A(s) of the form (2.8) by 
the formulas 

S{9) = -J *(6»)*(6»)- 1 
C(9) = X(9) T *(9) T J 

D(9) = E(9) + Sym(x(9) T J X(9)) . 
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2.3.2. Computation of the crossing form T(A, s) on ker A(s). We have 



d_ / d s s(s,6)((e) + d s c(s,e) T e 

ds A ( s)(^t) y f sl d s C(s,6)((6)d6 + f sl d s D(s,6)d6 I 



Since ((,£) e kerA(s), we have ((9) = *(s,6>)Co + V{s,6)X(s,6)£. We obtain 
r(A,s)(C,£) 

= ((c,e),f s A(s)(c,e)) 



= f (c(6),d s s( s ,6)((9) + d s c( s ,e) T e) de 

Js 1 

+ (*>J d s C(s,9)((6)d6 + J d s D(s,8)d6? 

(2.19) = f (Co + X{ s ,9)l) T y{ s ,9) T d s S( S ,8)1>( S7 8){( +X( s , 9)1) d8 

Jo 

+ f (( +X(s 7 8)£) T y{s,9) T d s C{s,9) T £d9 
Jo 

+ £ T f d s C(s, 0)*(s, 9)(Co + X(s, 9)1) d8 
Jo 

(2.20) + £ T ( d s D(s,6)d6l 

Js 1 



Let us define symmetric matrices S(s,9) by d s i b(s,6) = JoS(s,6)^(s,6). The 
condition \I>(s, 0) = 11 implies S(s,0) = 0. We claim that (see also [9, proof of 
Lemma 2.6]) 



(2.21) 8) T d s S(s, 9) = d e (*(«, 9) T S(s, 6)*{s, 0)) 

Dropping the (s, 9) variables for clarity, we have [9] 

d e (v T S^ = y T S T {-J )St> + t> T d e (SV) 

= -* T 59 S * + ^> T d (- j a s *) 

= -* T 59 S * - * T J d s d e y 

= -* T 5a s *-* T J a s (J 5*) 

= * T d.S*. 
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Using (2.21), the term (2.19) becomes 



J (Co + X(s, 6)£) T d e (*(«, e) T S(s, 0)9 (a, 0)) (Co + X(s, 6)1) d0 

= (Co + X(s, l)£) T t>{s, l) T S{s, l)(Co + X(a, l)£) 

~£ T [ deX(s,0) T 9(s,0) T S(s,0)9(s, 0)((o +X(s,6)£)d0 
Jo 

- [ (Co + X(s, 0)£) T V{s, 6) T S(s, 6)9 (a, 0)d 9 X(s, 6) d6 I 
Jo 

= CoS(s, l)Co + i T I C{s, 0)J Q S(s, 6)9(s, 0)(Co + X{s, 6)£) d0 
Jo 

- [ (Co + X(s,6)£) T 9(s,6) T 'S(s,0)J o C(s,0) T d6 I 
Jo 

= Co S(s, l)Co + i T [ C(s, 9)d s *(s, 0)((o + X(s, 0)1) d0 
Jo 

+ f (Co + X(s,0)£) T d s 9( S ,0) T C(s,6) T d0 t. 
Jo 

The second equality uses (2.12) and (2.10). Thus, equation (2.20) becomes 



r(A,s)(c,e) = Co T ^,i)Co + ^ T / d s (c(s,e)9(s,e))(Co + x( s ,e)e)d0 

Jo 

+ f (Co+X( s ,0)£) T d s (9( S} 0) T C( S ,0) T )d0£ 
Jo 

+ £ T { d s D(s,0)d0£ 
Js 1 

= tfS(s, l)Co + i T (d s X(s, l) T J )Co + Co T ( - Jod s X(s, 1))£ 
(2.22) +£T j Q ( d s( C ^)X + X T d s (9 T C T )+d s Dy. 



We used (2.14) in the second equality. We claim that the matrix of the quadratic 
form T(A, s) acting on the space of elements (Co,^) satisfying (2.12) is given by 



(2.23) 



S(s,l) -J d s X(s,l) 
d s X(s, 1) T J d s E(s, 1) - Sym(X T (s, l)J Q d s X(s, 1)) 



This amounts to proving the identity 
(2.24) 



d s E(s, 1) - Sym(X T (s 7 l)J d s X(s, 1)) = / d s (C9)X + X T d s (9 T C T ) + d s D 

Jo 
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for the term in the lower right corner. This is seen by a direct computation: 

/ d s {cv)x + x T d s (»£ T c T ) + d s D 

Jo 

= d s Sym [ (CVX + D) + Sym [ d s {C^)X - Sym f CVd s X 
Jo Jo Jo 

= d s E{s,l) + Sym [ 8 S {C^)X 
Jo 

- Sym(X(s, l) T J d s X{s, 1)) + Sym f X T J d s X 

Jo 

= d s E(s, 1) - Sym(A>, l) T J d s X(s, 1)). 

The second equality uses the definition of E, the identity C\& — X t Jq from (2.14), 
and integration by parts. The third equality uses that X T Jq8 s X = — {d s {C^)X) , 
which is a consequence of = X T J$. 

2.4. Proof of the Main Theorem. Let us compute the crossing form T(M, s) 
for the Robbin-Salamon index of the path 

s i y M(s,l) = M(tt(s,l),X(s,l),E(s,l)). 

By definition, the crossing form is T(M, s)(Co, £, v) — {{Qa,t, v),Q(s)((o, £, v)), with 
Q(s) := -J d s M(s,l)M(s,l)- 1 . Using (2.2) and the definition of S(s,l) = 
—Jod s ty(s, l)\&(s, 1) _1 from §2.3.2, a straightforward computation shows that Q(s) 
is given by 

S{S,1) -J *(8,l)d.X(8,l) 0\ 

d s X(s,l) T ^(s,l) T J d s E{ S ,l) + Sym(X(s,l) T J d s X(s,l)) . 

/ 

The key observation now is that, for any (Co, £, 0) 6 ker (M(s, 1) — 11), we have 

r(M,s)(Co,^o) = r(A, s )(c^), 

with ((6) = \I/(s, 8)(o+ 1 $(s, 9)X(s, 9)£. This is seen by a direct computation, substi- 
tuting Co = *(s, l)Co + *(s, l)X(s, 1)1 in the non-diagonal terms of T(M, s)(( ,£, 0): 

r(M,s)(Co^,0) 

= Co T ^Co + i T (d s E + Sym(X T J a d s X))e + £ T d s X T V T J ( a + Co{-J^d s X)£ 
= Co T £Co + l T (d s E + Sym(X T J Q d s X))£ 

+ £ T d s X T J ( + e T d s X T J Q X£ + (T(-J Q d s X)£ + £ T X T (-J a )d s X£ 
= Co T £Co + £ T (d s E + Sym(X T J Q d s X))£ 

+ £ T d s X T JoCo + C,o(-Jod s X)£ - 2£ T Sym(X T J d s X)£. 

This last expression is equal to T(A, s)(C, £) in view of (2.23). 

By Proposition 6 in Appendix B (applied with E(s) = {0} {0} © M m ), it 
follows that the spectral flow of A(s) coincides with the Robbin-Salamon index of 
the degenerate path s M> M(s, 1). Thus 

indD (U;A) = fi RS (M(*(«, l),X(s, 1), E(s, l)),s e R) . 
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By the (Homotopy) and (Catenation) axioms for the Robbin-Salamon index [7], 
and using that lim s ^_ 00 M(s, 9) = M(9) and lim^oo M(s, 9) = M_(6), we obtain 

- ms (M(*(0),X{0),E(0)), G [0, 1]) 

= Mi, A) -fj,(rf,x). 

□ 

Appendix A. Examples 

We explain in this appendix several examples in which parametrized Hamiltonian 
action functionals appear naturally. 

A.l. S^-equivariant Floer homology [11, 2]. One takes A = ES 1 (or rather a 
finite-dimensional approximation of it), where ES 1 is up to equivariant homotopy 
the unique contractible S^-space carrying a free action. The S^-equivariant Floor 
homology groups are defined using Hamiltonians which are invariant 

H(9 + t,x,t\) = H(0,x,X), tgS 1 . 

Compared to the classical, non-equivariant Floor homology groups, these carry 
refined information coming from the S^-action on CW given by reparametrization 
at the source. 

A. 2. Rabinowitz-Floer homology [4]. One takes A = R and 

H(0,x,X) = XK(x), 

with K : W — > R an autonomous Hamiltonian. The critical points of Ah solve the 
equations 7 = XX K and J gl K(j(0)) d0 = 0, which are equivalent to 7 = XX K and 
ini7 C i"T _1 (0). Thus critical points of A H correspond to closed characteristics on 
the fixed energy level Jf _1 (0). 

A. 3. Rabinowitz-Floer homology for leafwise intersections of hypersur- 
faces [1]. One takes again A = R but 

H(9, x, A) = Xp(9)K(x) + F(9, x). 

Here p : S 1 -> R is such that supp(p) C [0, 5] and J gl p{9) d9 = 1, while F(9, •) = 
for 9 e [0, 5]. The equations for a critical point (7, A) are equivalent to x := 7(5) G 
K _1 (0) and 7(0) = 7(1) = (fip(x) G L x , with L x the orbit of the characteristic flow 
passing through x. One calls x a leafwise intersection of the flow 4> F . 

A. 4. Rabinowitz-Floer homology for leafwise coisotropic intersections [6]. 
Let K, = (K\, . . . , Kk) : W — > R k be a system of autonomous Poisson-commuting 
Hamiltonians. The preimage /C _1 (a) of a regular value a G R* is then a coisotropic 
submanifold which is foliated by isotropic leaves that are tangent to the span of the 
Hamiltonian vector fields Xk x , • • • , Xx k ■ Let (•, •) be the Euclidean scalar product 
on R fc , take A = R fe and define 

H(6,x,X) =p(9)(X,JC(x)) +F(0,x) 

with p and F as above. The equations for a critical point (7, A) are equivalent to 
x := 7(2) G /C _1 (0) and 7(0) = 7(1) = (f>p(x) G L x , with L x the isotropic leaf 
through x. One calls x a leafwise coisotropic intersection of the flow 4> X F . 
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A. 5. Floer homology for families [5]. This construction generalizes the setup 
that we consider in this paper to nontrivial fibrations. Assume ir : E — > A is 
a symplectic fibration endowed with an exact 2-form il — dO E n 2 (E;M.) which 
restricts to a symplectic form in the fibers (this is called a coupling form). Let 
H : S 1 x E — > R be a Hamiltonian and let CaE denote the space of loops 7 in E 
such that 7r o 7 is constant. One considers the action functional 

A h :£aE^R, 7^-/6- / H(6,i(9))d0. 

Jj Js 1 

The critical points of Ah are the basis for the Floer homology groups of the family 
(E,A) [5]. Since the fibration is locally trivial and the critical points of Ah arc 
contained in a fiber, the definition of the index that we give in this paper applies 
also to this more general setup. 

Appendix B. The parametrized Robbin-Salamon index 

We summarize in this appendix the properties of the Robbin-Salamon index on 
paths with values in the subgroup S n . m C Sp(2n + 2m) defined in §1.3. We also 
prove a result (Proposition 6) which is used in the proof of our Main Theorem. 

We recall that <S„ jm consists of matrices of the form 

/ * tA 

M = M{V,X,E) = i 

V X T J E + \X T J a X 1 

with * g Sp(2ra), X G Mat 2 „, m (R), and E E Mat TO (R) symmetric. We have 

denoted by Jo := ( ^ „^ J the standard complex structure on R 2n , so that 



x 1 

"J G Sp(2n) if and only if ^> T Jo* = Jo- The standard complex structure on 

R 2n x R 2m ig 

/ Jo 
Jo := -1 
\ 1 

and we have M T J M = J . Note that we have natural embeddings (which respect 
the group structure) 

which associate to M = M(V,X,E) G 5 n , m and M' = M(*', X', E') G S n i, m > the 
matrix 

M © M ' := M (* 8 X A', E®E')e <S„+„/, m+m / . 

The Space (Sn,m 

is stratified as U/c^o™ m> w ith 
^n,m : = { M G <5n,m : dim ker (M - 1) = m + fc.}. 

The following are general properties of the Robbin-Salamon index jj, = fins 
defined on paths with values in Sp(2n + 2m) [7, Theorem 4.1 and Theorem 4.7]. 
(Homotopy): If M,M' : [a,b] — > S n , m are homotopic with fixed endpoints 
then 

/i(M) = m(M'); 
(Catenation): For any c G [a, 6] we have 

/i(M)=p(M| [0iC] )+p(M| [Ci6] ); 
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(Naturality): For any path P : [a, b] — > Sp(2n) x Sp(2m) of the form 

/ $(0) 
(B.l) P(9) = A(6) 

\ A(6) 

(with $(0) G Sp(2n) and A{6) G O(m), hence PMP- 1 6 5„, m ), we have 

^(PMP^ 1 ) = /u(M); 

(Product): For any M G iS„ !m and M' G «S„< iTO ' we have 

fj,{M®M') = n(M) + ii(M'); 

(Zero): For any path M : [a, 6] — > m we have 

MM) = 0; 

(Integrality): Given a path M : [a, 6] -> 5„ >m with M(a) G <S£» m , M(6) £ 
<5^ m! we have 

M (M) + ^ e z ; 

The next statement summarizes properties that are specific to the index function 
restricted to paths with values in <S„ im . 

Proposition 4. TTie Robbin-Salamon index fx — /irs defined on paths M : [a, b] — > 
S n . m , M{6) = M($(6),X(8),E(6)) has the following properties. 

(Loop): For any loop P : [a,b] — > Sp(2n) x Sp(2m) of the form (B.l), we 
have 

MPM)= M (M) + 2 M ($); 
(Splitting): Given M = M(*,0, £7) : [a,b] -> S n>m , we have 

H(M) = + ^sign £7(6) - isign£7(a); 

(Signature): Given symmetric matrices £7 G K™x™ an d g g jg>2nx2n ^f/j 
||<S|| < 2ir, we have 

n{M(exp(J St),0,tE), t G [0,1]} = isign(S) + isign(£7); 

(Determinant): Given a path M = M(^>, X, E) : [a, b] -> S n , m with M(a) 
II and M(b) G <S° m , we have 

We /icwe denoted for simplicity * = *(6), X = X(6), £7 = £7(6). 
(Involution): For any M = M(\I>, X, E) : [a, 6] — > S n , m we have 

Vl(M(*,X,E))=»(M(*,-X,E)) 

and 

/i(M (tf -1 , VX, -E)) = Ai(M(* T , J *X, -£7)) = -/i(M (*, X, £7)). 
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Proof. To prove the (Loop) property we use the equality 
fi(PM) = it{M) + 2/x(P) - fi(M) + 2/i($) + 2fi 

Since 7r 1 (0(m)) = Z/2Z and 7r 1 (Sp(2m)) = Z, the last term vanishes. 

The (Splitting) property follows from the (Product) property and the normaliza- 
tion axiom for the Robbin-Salamon index of a symplectic shear. 

The (Signature) property follows from the (Splitting) property and from the 
identity /XRs(exp( J St)) = isign(S') [10, Theorem 3.3.(iv)]. 

We prove the (Involution) property. The first identity /i(M(* _1 , Y, — E)) = 
H(M(^> T ,J Y,-E)) follows from the (Naturality) axiom by conjugating with the 
constant path J ®l 2m - The identity fi(M , X , E)) = /x(M(*, -X,E)) follows by 
conjugating twice with Jo © Ibm- Finally, using (2.2) we obtain — /i(M(\I>, X, E)) = 
/x(M(tf , X, E)- 1 ) = fi(M(y-\ -VX, -E)) = /i(M f*- 1 , *X, -£)). 

It remains to prove the (Determinant) property. Given a path AT : [0, 1] — > 
Sp(2n + 2m) satisfying AT(0) = 11 and dct (AT(1) 11) ^ 0, we have [10, Theo- 
rem 3.3. (hi)] 

= sign det (jv-^x) _ j). 

We construct such a path N : [a, b + e] — > Sp(2n + 2m) by catenating M = 
M(tf (0), X{9), E{6)) with the path M' : [6, b + e] -> Sp(2n + 2m) given by 

M'(6 + 0) := 11 6*11 

\ AT T J E + \X T J X 1 + 6{E+±X T J X) 

We have denoted for simplicity := ^(6), X := X{b), and _E := -E(6). Since 
M(b) £ Snmi the path M' has a single crossing at b and the kernel of M'(b) — 11 = 
M(b)-llis {0}©{0}©M m . The crossing form at b is -l m , so that hrs(M') = -f . 
Thus hrs(N) = n(M) - f . On the other hand 

det W + e ) - 1) = e -(-i r det ( * ^ ^ + JqX ) • 
This implies the desired statement. □ 

Example 5. The index fi(M , X , E)) depends in an essential way on X, as the 
following example shows. Given a, b £ R, let 

.=-(?!)• — (:)■ E = L 

We denote M a ,b := M(\I/, X 0i b, £?) <E <Si,i. It follows from the (Determinant) prop- 
erty that a path in S^i starting at 11 and ending at M 0j o has an index in | + 2Z, 
whereas a path in <Si,i starting at 11 and ending at M\ t \ has an index in | + 2Z+ 1 
(the value of the relevant determinant is — i + §a&). 

For the rest of this Appendix we place ourselves in M. 2N equipped with the stan- 
dard symplectic form loq and the standard complex structure Jo- The next Propo- 
sition is relevant for the parametrized Robbin-Salamon index when applied with 
N = n + m and E(t) = {0}©{0}ffi R m . We recall that, given a path of symplectic 
matrices M : [0, 1] — > Sp(2A^), the crossing form at a point t £ [0, 1] is the quadratic 
form T(M,t) on ker (M(t) - 11) given by T(M,t)(v) = (v, -J a M(t)M(t)-~ L v). 
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Proposition 6. Let M : [0,1] — > Sp(2N) be a C 1 -path of symplectic matrices 
with the following property: there exists a continuous family of vector spaces t i-> 
E{t) C M. 2N such that E{t) C ker (M(t) - 1) and the crossing form T(M, t) induces 
a nondegenerate quadratic form on kei(M(t) — 1)/E(t). Assume cj has constant 
rank on E(t). Then 

ms{M) = isignr(M,0) + ]T signL(M,t) + isignr(M,l). 

t:dimker(M(t)-l)/B(t)>0 

Proof. Let us first assume that the rank of ujo is constant equal to on E(t), i.e. 
E(t) is isotropic. Let us decompose R 2N = E(t) © J E(t) © F(t), where F(t) is the 
symplectic orthogonal of E(t) © JqE{€). Given e > we denote by (3 e : [0, 1] — > [0, e] 
a smoothing of the function 

{t, 0<t<e, 
e, £ < t < 1 — e, 
1 — £ < i < 1. 

We define an element G Sp(2N) which has the following matrix form with 

respect to the splitting E(t) J E(t) F(t): 

/ 1 \ 

$»(t) = &(t) io. 
\ 1/ 

We define M(i) := M(i)$°(i), and we have /j,rs(M) = hrs(M) since these paths 
are homotopic with fixed endpoints. We claim that the following equality holds for 
alUe]0,l[: 

(B.2) ker (M(t) - 11) = ker (M (i) - 11) n ( J £(t) © F(t)). 

That ker (M(f)-]l)n(J ^(i)©i ?, (i)) C ker (M(i)-l) follows from the fact that ®°(t) 
acts by the identity on J E(t) © F(t). Conversely, let v = vi + v 2 <E ker (M(t) - 11), 
with vi e E(t) and v 2 G JoE{t) © F(t). The identity M(i)u = w is equivalent to 
M(i)(ui + (3 e (t)J vi + v 2 ) = vi+ v 2 , hence to (M(t) - ]l)w 2 = -f3 E (t)M(t) J vi. 
Using that M{t)v\ = v\ we obtain 

= w (wi, (M (t) - il)« 2 ) = -^ e (t)wo(wi, M (t) J wi) = -/3 e (t)w («i, Jb«i)- 

Since /3 £ (t) ^ 0, this implies vi = 0, so that v = v 2 G Jo-B(t) © ^(i) and (M(t) - 
% 2 = - l)u 2 = 0, as desired. 

Since the restrictions of M(r) and M(f) to JoE(t)(BF(t) are the same, it follows 
that the crossing form T(M, t) coincides with T(M, t) on ker (M(t) - 11) for t g]0, 1[. 
On the other hand, a straightforward computation shows that 

(B.3) signr(M,0) = sign T(M, 0) + dim E(0), 

signT(M, 1) = sign T(M, 1) - dim E(l). 

Thus, the contributions at the endpoints compensate each other, and the conclusion 
follows using the definition of the Robbin-Salamon index via crossing forms. 

We now assume that the rank of ujq on E(t) is equal to dim E(t), i.e. E{t) 
symplectic. Let us decompose R 2JV = E(t) © F(t), where F(t) is the symplectic 
orthogonal of E(t). Let J(t) be a continuous family of complex structures on E(t) 
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which are compatible with wq. For e > we define a path $1 : [0, 1] — > Sp(2N) 
whose matrix with respect to the decomposition E(t) © F{t) is 

$l(t) := ( ex P( J (*)&W) J ^ _ 

We denote M(i) := M{t)$\{t), so that we have Hrs(M) = fj, RS (M). We claim 
that 

(B.4) ker (M(t) - 11) = ker (M(t) - 11) n F(i) 

for all f e]0, 1[, whenever < e < tt. That ker (M(t) — 11) n F(i) C ker (M(i) - 11) 
follows from the fact that <&*(t) acts as the identity on F(t). Conversely, let v = 
vi+v 2 e ker (M(t) - 11) such that vx G E(t) and v 2 E F(t). The relation M(t)v = v 
is equivalent to (M(t) - % 2 = (1 - exp(J(i)/3 e (t)))«i. Then 

= W (W1,(M(*)-]1)W2) 

= cj (wi,(]l-cxp(J(t)/3 e (t)))w 1 ) 
= -sm(P s (t))u! (vi,J(t)vi). 

Since sin(/3 e (i)) 7^ 0, we obtain v\ = and the claim follows. 

Since the restrictions of M(i) and M{t) to F(t) are the same, it follows that the 
crossing form T(M, t) coincides with T(M, t) on ker (M(t) - 1) for t G]0, 1[. On the 
other hand, a straightforward computation shows that equations (B.3) still hold, 
and the conclusion follows. 

Finally, we assume that the rank of uto on E(t) lies strictly between and 
dim E(t). We choose a continuous splitting E(t) = E\{t) © E (t) with E Q (t) := 
E(t) n E(t) Uo isotropic and E x {t) = E^t) 1 - symplectic. Here E(t) Ua denotes the 
symplectic orthogonal of E(t), and Eoit)- 1 denotes the Euclidean orthogonal of 
E (t) in E(t). We decompose R 2N = Ei(t)®Eo(t)®J E (t)®F(t), such that F(t) 
is the symplectic orthogonal of Ei(t) © E (t) © JoE (t). Given < e < tt we define 
as above two paths <&°(t) acting as the identity on E\(t) © F(t), and &l(t) acting 
as the identity on E (t) © J E (t) © F(t). We denote M(t) := M(t)<^(t)<S>l(t), so 
that hrs{M) — Hrs{M). One proves as above that the crossings of M and M on 
]0, 1[ are the same, with the same crossing forms on ker (M(t) — 11), and moreover 
equations (B.3) still hold. This finishes the proof. □ 

Remark 7. The crossing form T(M,i) vanishes identically on E(t). Indeed, given 
a path v{t) e E(t) we have M(t)v(t) = v(t) and M(t)v(t) + M(t)v(t) = v(t). 
Dropping the t- variable for clarity, we have 

T(M,t)(v(t)) = (v^JqMM^v) 

= (v,-J Q {v-Mv)) 

= —(v, Jqv) + (v, (M -1 ) T J £>) 

= —(v, Jqv) + {M~ 1 v, J v) = 0. 

Appendix C. Grading in Rabinowitz-Floer homology 

We give in this section a sample computation of the index within the setup 
of §A.2. The index of a critical point of Ah is defined as the Robbin-Salamon 
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index of a corresponding 1-periodic orbit for the Hamiltonian H : W x T* 
H(x, X,p) — \K{x). The flow of the latter is 



<p%{x,\,p) = {<p e K x (x),X,p-6K(x)), 



and its linearization is 



d<p%(x,X,p) 



d<p e K x (x) 







ex K {^{x)) 



-6dK{x) 

We shall compute the index under the following simplifying assumptions: 

• the level set S := i4T _1 (0) is regular and of restricted contact type. This 
means that the restriction to S of the primitive of the symplectic form is a 
contact form, which we denote a. There exists then a neighborhood V of 
£ and a diffeomorphism V ~ [1 — s, 1 + e] x £, e > which transforms the 
symplectic form into d(ra), re [1 — s, 1 + s]. 

• the Hamiltonian K has the form K(r,x) = k(r) on V, with x denoting a 
point on S and k(l) = 0, fc'(l) ^ 0. Then X K (r,x) = -k'(r)R(x), with R 
the Reeb vector field on E defined by da(R, •) = and a(R) = 1. Thus 

¥>%{r,x,\,p) = (r,(p R 0Xk (r \x),\,p~9k(r)). 

Let (7, A) € Crit(Ajy) and choose a symplectic trivialization 7*TVt / ~ R 2 ™ = 
~ 2 © R ffi M which maps the contact distribution £ to M 2 ™ -2 , the vector field 
<9/<9r to the constant vector (0,1,0), and the Reeb vector field to the constant 
vector (0,0,1). The tangent bundle T(T*R) is in turn naturally trivialized as 
T*R x (M©M). When read in these trivializations, the linearization dip 8 -, 9 G [0, 1] 

$(0) 



determines a path of symplectic matrices of the form 



where 



<&(9) G Sp(2n — 2) corresponds to dip R 
the form 



M(9) 

eAfc ' (1) (7(0))| and M{9) E S 1}1 C Sp(4) has 



M{9) 



( 1 

9T 




\ 

9A 





1 J 



T=-Xk"{l), A = -k'{\). 



\ 9 A 

The matrix that represents the crossing form is 



-JqM{9)M{9)- 1 = 



/TO 

A 
\ 



A 









/ 



Using that A ^ we obtain that ker(M(#) — 11) is equal to R 4 if 9 = 0, respectively 
to0©R©0©Rif# > 0. We can use Proposition 6 to compute the Robbin-Salamon 
index of the path M(9), 9 G [0, 1] and we find 



HRs(M) = isign 



T A 
A 



= 0. 
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Given (7, A) 6 Crit(^4/j-), we denote by j(6) = f^ Xk ^'(7(0)) the positively 
parametrized closed Reeb orbit that underlies 7, and denote ^(7) its index. Then 

f sign(-fc'(l)) M (7), A>0, 
M7,A) = A*«fif(*(0), 0G[0,1])= { 0, A = 0, 

[ -sign(-fc'(l)) M (7), A<0. 

This agrees with the Rabinowitz-Floer homology grading in [4] up to a global 
shift of \. 
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